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Abstract

This study investigates the dynamics of a discrete-time predator-prey model incorporating the fear effect and linear
harvesting. The model assumes that both prey and predator populations are harvested proportionally to their
densities, while the growth rate of the prey population is negatively impacted by predator presence due to fear.
The analytical exploration identifies three fixed points: the extinction point, the predator-free equilibrium, and the
coexistence equilibrium. Stability analysis and numerical simulations confirm the occurrence of a Neimark-Sacker
bifurcation at the interior equilibrium, demonstrating the model’s complex dynamical behaviors. The findings
provide insights into population sustainability under different harvesting and predation conditions, highlighting
how fear and harvesting jointly influence ecosystem stability.

Keywords : Discrete-time model - Predator-prey - Fear effect - Harvesting - Neimark-Sacker
MSC2020 : 92D25-92D40 - 37N25 - 39A30 - 39A60

1. Introduction

In ecosystems, the interaction between predator and prey species is a complex biological phe-
nomenon that has been the focus of research across various disciplines, including ecology and mathe-
matics [1-4]. Mathematical modeling plays a crucial role in understanding predator-prey population
dynamics, particularly in describing how ecological factors influence population stability and equilib-
rium. One factor that has gained increasing attention in recent years is the fear effect, which refers to
changes in prey behavior due to the presence of predators, significantly affecting population dynamics
[5, 6].

The Lotka-Volterra model [7-9] is one of the classical approaches used in modeling predator-
prey interactions. However, this model is often insufficient to describe more complex ecological con-
ditions. As a result, various modifications have been introduced to incorporate additional factors such
as the fear effect and harvesting. The fear effect reduces the prey’s growth rate, while harvesting,
whether applied to prey or predator populations, can impact the overall ecosystem balance. Previous
studies have demonstrated that the combination of these two factors can generate highly intricate
dynamics, including the occurrence of Neimark-Sacker bifurcation, which signifies qualitative changes
in the system [10, 11].

In this study, we develop and analyze a discrete-time predator-prey model that incorporates the
fear effect and linear harvesting. This model is based on a modified Lotka-Volterra framework with the
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addition of the fear effect and harvesting parameters applied proportionally to population densities.
The primary objective of this research is to explore the system’s dynamics, identify feasible equilibrium
points, and determine conditions under which the system undergoes Neimark-Sacker bifurcation.

The structure of this article is as follows: In Section 2, we provide the model formulation.
Section 3 presents the analytical results of the proposed model, including the existence and stability
of equilibrium points. Section 4 provides numerical simulations to confirm the analytical findings and
explore the system’s dynamic behavior. Finally, Section 5 concludes the study by summarizing the key
findings and discussing the ecological implications of the developed model.

2. Model Formulation
We start the model formulation by adapting the Lotka-Volterra equations given by

dx

— = rXx — mxy,

dt 1)
dy s

— = nNXxXy —

dr y Vs

where x and y denote the population density of prey and predator. The parameters r, m, n, and o
respectively express the intrinsic growth rate of prey, predation rate of a predator on prey, conversion
of predation rate to the birth rate of a predator, and the natural mortality rate of a predator.

Of the several ecological problems, interactions that occur between two or more populations
with predator-prey relationships are rapidly growing. New models are developed to match real-world
conditions involving ecological factors. For example, research conducted in [12] investigated the
impact of the fear effect on a discrete-time predator-prey relationship with square root functional
response. Furthermore, research [13] presented the dynamics of Leslie-Gower discrete models with
ratio-dependent response functions, and [14] analyzed the stability of a discrete-time predator prey
model with fear and Allee effect.

The Equation (1) becomes a basic model for researchers to develop new models based on the
reality that occurs in nature. In this study, we analyzed the influence of two ecological factors, the fear
effect [15, 16] and harvesting [17-19]. Assuming that the presence of predators can affect the birth
rate of the prey population. Numerous studies have shown that the presence of predators can have
an impact on prey, which is more important than direct predation for controlling population dynamics
[20]. By applying the fear effect term to model (1), we obtain the following modified Lotka-Volterra
model.

dx  rx

dt l+ay - 2)
dy

= = Y0y,

where a is the constant fear level of the prey due to the appearance of the predator.

Another topic that arises in ecological issues is harvesting, which can affect the existence of
a population. This involves humans, who need other organisms for food. In general, harvesting is
often applied in agriculture, fisheries, and forestry. In mathematical modeling, there are three types
of harvesting that can be studied, namely constant harvesting, non-linear harvesting, and propor-
tional harvesting [21]. Harvesting factors can affect the stability of predator-prey models, such as the
growth of prey and predator [22, 23]. Assuming the prey and predator populations are harvested
proportionally, we get

dx_ rx
dt  1+ay

—mxy —qix,
(3)

dy s
Y v —8v—
dr y y—q2),
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where ¢; and ¢, respectively, are the harvesting rates of the prey and predator populations. Further-
more, by assuming that there is competition between individuals in the prey population for food, the
model (3) is modified into

dx rx 2
- = _ﬁx —mxy —qiXx,
dt  l4ay
4
dy

== iy — 8y — qoy,
dr nxy —oy—qzy

where 8 denotes the rate of population reduction due to competition for food with other individuals
in the prey population. In the current development of modeling, first-order models are considered
inadequate in describing a more realistic state because the state of the next biological condition de-
pends only on the current state [24]. Therefore, in this study, we used a discrete-time model as the
operator. This is because discrete time models have several advantages over continuous models, such
as complexity in dynamic behavior and suitability for approximating real data because the data has
a discrete formula [10]. By using the forward Euler method as in [], the following discrete model is
obtained.

rxXy

J— 2_ J—
1+ ay, ﬁxn MXpYn —q1Xn | » (5)

Ynt1 =Yn+h [nxnyn - 5)7n - q2yn] .

Xny1 = Xpt+h

The parameters used in this study can be seen in the following Table 1.

Table 1. Biological interpretation of parameters

Parameter Description

The fear is constant in the prey population to the predator population.
The rate of competition between prey populations.

Natural mortality rate of the predator population.

Predator population predation rate on prey.

The conversion rate of prey predation.

Intrinsic growth rate of the prey population.

Harvesting rate of the prey population.

q Harvesting rate of the predator population.

~ 3 I o™

=

3. Analytical Results

In this section, we observe the dynamic behavior of the model (5) analytically, which involves
the existence of fixed points and their stability. The fixed point of the model (5) is obtained by solving
the following equation.

rx
x=x+h|————Bx*—mxy—qix|,
1 +ay B Y —q1 6)
y=y+hlnxy—8y—qy].

The first fixed point is given by the origin E; = (0,0), which represents the condition when
the prey and predator populations will become extinct. The second fixed point is the axial point
E= r—q

B

The third fixed point is the interior fixed point given by E* = (x*,y*), where x* = J

,0 ), which expresses the condition when the extinction of the predator population occurs.

+q2

and y* is the
positive solution to y of the following quadratic equation.

p1y> +pay+p3 =0, 7)
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where
p1 = amn,
p2 = Béa+Pags+mn+aqn,
p3=P6+Pg+qin—nr.
This fixed point expresses the condition where the populations of prey and predator maintain their

existence in the ecosystem. Using Descartes’ rule of signs, the existence of the fixed point E* is shown
by the following Lemma 1.

(0+q2)B+qin
n

Lemmal. (i) Ifr<

point E* in the interior.
’ (64+q2)B+qin
I
(i) If r> "

then p3 > 0, resulting in the fixed point not existing or no fixed

then p3 < 0, so there is one positive root at the fixed point E* in the interior.

To obtain the behavior of the solution around these fixed points, we apply linearization to model
(5), thus obtaining the following Jacobi matrix.

IR ST ST
Teey) = Lmy sz]’ (8

where

,
G = 1+h<1—2ﬁx—my—q1> ;
+ay

arx

Cn= h<(1+ay)2+mx>,
szz 1—|—h(nx—5—q2).

The stability of each fixed point using Jacobi matrix (8) is given by the following Theorem.

Theorem 2. Let q; > r. The fixed point of extinction of the entire population Ey = (0,0) is
(i) sink if 0 < h <2 min {

y o (s 0T
q1—r 5+Q2}

.. . 1 1
(ii) source if h > 2 max {,}, or;
g1—r 0+q

<h< , or <h<
q1—r o+q> 524-@ q1—r

, Or;

(iii) saddle if

(iv) non-hyperbolic if h = or .
q—r  S+q

Proof. By calculating the Jacobi matrix (8) at the fixed point Ey = (0,0), we obtain

_ 1+h(r—q1) 0

0 1-h(8+q)]|’ ®

JE,

so that two eigenvalues are obtained as follows.

ﬂ,l = l+h(rfq1),
To=1—h(5+q).

We confirm that
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2
* || <1whenh < ——, |&] <1whenh< ,
G —r 6+q>

2
* |A| >1whenh>——, |A&»] > 1 when h >
q1—r

S+qr’
* |A4|=1whenh= , |22l =1 when h = .
q1—r o+q>
Obeying Lemma 1 in [25], all statements given in Theorem 2 are analytically proven. [

0 e = - .
Theorem 3. Let n < ((4-(12))[3 and r > qy. Predator extinction fixed point E = <r el ,0) is
r—qi

B
(i) sink if0<h<2min{ ! P } or;
’ r—=qi’ (0+q@)B—(r—q)n)
. . 1 B
) h>2 ) 2 ;
(ii) source, if max{r_q1 (5+ﬁqz)l3—(r—6h)n or ;
2 2 2 2
iti) saddle, i <h< , or <h< , or;
(w e P G aB-t—ay T G B-G—an " r—a

2B

iv) non-hyperbolic, if h = or .
(0 monyperbolte ¥ b = O e B (a0

Proof. By calculating the Jacobi matrix (8) at E = <r—q]70> , we obtain

B
1= h(r—q) h (ar—I—m)(r—ql))
g = (r—qun ’ 4o
0 1 +h ﬁ—ﬁ—qz)

so that the following two eigenvalues are obtained.
M=1-h(r—q),
P 1+h<(r_q”)”—5—q2> .

B
We ensure
'|A\<1whenh<i|7t|<lwhenh< 25
1 r—qi’ (5+qz)BB(r—q1)n’
2 2
* |Ai|>1whenh>——, || >1whenh > R
M —a 6+aB—(r—ann
2 2
* |[A|=1whenh=——, |&|=1whenh = P .
r—qi (6+q2)B—(r—qi)n
Following Lemma 1 in [25], all statements given in Theorem 3 are analytically proven. [
Theorem 4. Let o = ny* <(1:z_rx*)2 —|—mx*>. The fixed point of existence of the whole population E* =
ay
(x*,y") is
R Bx* Ro+4
() sink if h < P and B < z%x* , Or;
* 4
(i) source if h > B; and B < hza;l; , OF;
h 4
(iii) saddle if B > w+ , or;
2hx* )
2 4
(iv) non-hyperbolic if h# —— and B = h&, or;
Bx* 2hx*
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* 2(+*\2
(iv) complexifh:Ba); anda)>[3 (:) .

Proof. By calculating the Jacobi matrix (8) around E* = (x*,y*), we obtain

arx*
1—hBx* —h|——+mx*
Jegr = p ((1 + ay*)? > ; (1D
hny* 1
By solving the matrix (11) we get Tr = 2 — h3x* and Det = 1 — hx* + h’ny* <(1:ir;€y*)2 +mx*>. Let

arx*

0 = ny* <(1—|—ay*)2 + mx*) . Then, since 1 —hfx* = Tr — 1 then for Det it can be rewritten into

Det =Tr—1+ho.

When F(1) = h’w, then using Lemma 2 in [25], we can see the biological behavior at the fixed point
E*. Thus

* R o+4
°Det<1whenh<ﬁx,andF(—1)>Owhen[3< il ,
[ 22hx*4
* hw
.Det>1whenh>ﬁx,andF(—1)>Owhenﬁ< i s
o 5 2hx*
h*o+4
* F(—1)<0wh ,
(—1) <0 when 8 > TR 2
2 4
* Tr#0.2when h# —, andF(—l):Owhenﬁ:h o+ ,
Px* 2hx*
Bx B> (x)?

e Det =1 when h="—, and Tr? —4Det < 0 when » >

)
Obeying Lemma 2 in [25], all statements given in Theorem 4 are analytically proven. [

4. Numerical Results

In this section, we will numerically demonstrate the dynamic behavior of the model (5) based
on the analytical results in the previous section. We start the simulation by selecting the parameter
values as follows.

r=14, a=0.09, B=0.07, § =0.09, g = 1.6, ¢ =0.7, m=0.3, n=02, h=0.15.  (12)

We obtain the phase portrait and time-series on Figure 1. Four initial values are given around the
origin. All solutions provided by these initial values converge to the fixed point Ey = (0,0) when the
harvesting rate of the prey population is greater than the intrinsic growth rate. In Figure 1 it can
be seen that the solution moves towards the fixed point Ey which means that taking these parameter
values, the solution will lead to the extinction of the entire population of both prey and predator.

Further simulations are performed by lowering the parameter value ¢g; to 1.3. Based on the
existence and stability conditions of the fixed point E, it can be confirmed that the previously stable
Ey = (0,0) becomes unstable, accompanied by the emergence of the fixed point £ = (1.43,0) which
sinks. To demonstrate this condition, some initial conditions around £ are chosen and then simulated
to obtain Figure 2. Based on Figure 2, it can be seen that when the harvesting of the prey population
is reduced to 1.3, all solutions move towards to the fixed point £ which is the point of existence of the
prey population and the extinction of the predator population.

To show the stability at the fixed point E*, the parameters are chosen as in the previous sim-
ulation, in this case by lowering the parameter value ¢; to 0.5. As a result, E* becomes a sink. By
selecting some initial conditions, this condition is simulated in Figure 3 in the form of phase portrait
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Figure 1. Phase portrait and time-series to see the effect of harvesting rate on the dynamics of the

model (5) using the parameter value ¢; = 1.6

‘ ‘ 20F8 ' 7
0.7 ™ 5 - B 3
© o . &
0.6- o o 1 LT i
o) (¢] [} = E
o o
0.5  © . e :
o o °
0.4- OO © o° _ ! ! ! L !
. S i~ o° 0 100 200 300 400 500
=2 o) ¢} OO t
0.3- & S &L i .
o S o o®
o S &£ o©
: 0°
0.2 o S o° 7 ]
-
— g J & Y 5‘0‘ :
oy F 4 oo .
0.0- ‘ l‘ Initial \/alues‘ | .
| 1 T T T 1
1.5 2.0 2.5 0 100 200 300 400 500
x t

Figure 2. Phase portrait and time-series to see the effect of harvesting rate on the dynamics of the

model (5) using the parameter value g; = 1.3

and time series. It is shown that by lowering the value of the population harvesting rate parameter on
prey, the prey and predator populations will still exist and not go extinct.

Finally, similar parameter values were used in the previous simulation, and the step-size value
(h) was changed to 0.7. By choosing some initial conditions around it, these conditions are simulated
on Figure 4 in the form of phase portraits. Numerically, Figure 4 shows the occurrence of Neymark-
Sacker bifurcation at the unique interior point E*. The previous asymptotically stable (sink) E* loses
its stability accompanied by the emergence of an interesting phenomenon, namely limit cycle. This
means that for each initial value, the solution is still in the same orbit and isolates the interior point
of E* so that the population can be maintained periodically. Biologically, it is shown that the initial
conditions of the densities of the two populations are close enough to the fixed interior point to

preserve their existence.
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Figure 3. Phase portrait and time-series to see the effect of harvesting rate on the dynamics of the
model (5) using the parameter value ¢; = 0.5

Figure 4. Phase portrait to see the effect of changing the value of 4 on the dynamics of the model (5)
by using the parameter value ¢; = 0.5

5. Conclusion

The discrete-time predator-prey model, which incorporated the fear effect and linear harvesting
has been discussed in this paper. The step size parameter % plays crucial role in the dynamical be-
haviors of the model. Numerical simulations show when the prey harvesting rate exceed the intrinsic
growth rate, both populations become extinct. However, as the harvesting reduced, the predator-free
equilibrium becomes stable, and further reduction on the harvesting rate parameter value in the prey
population leads to the coexistence of both populations. Further, we also verified the occurrence of
Neimark-Sacker bifurcation as we varied the step size h. These results could emphasized the impor-
tance of harvesting management in the predator-prey interactions in order to maintain the ecological
balance.
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